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Abstract Crystal orbital adapted Gaussian (4s4p3d), (5s5p4d)
and (6s6p5d) valence primitive basis sets have been derived
for calculating periodic bulk materials containing trivalent
lanthanide ions modeled with relativistic energy-consistent
4f-in-core lanthanide pseudopotentials of the Stuttgart-Koe-
ln variety. The calibration calculations of crystalline A-type
Pm2O3 using different segmented contraction schemes
(4s4p3d)/[2s2p2d], (4s4p3d)/[3s3p2d], (5s5p4d)/[2s2p2d],
(5s5p4d)/[3s3p3d], (5s5p4d)/[4s4p3d], (6s6p5d)/[2s2p2d],
(6s6p5d)/[3s3p3d] and (6s6p5d)/[4s4p4d] are discussed at
both Hartree–Fock (HF) and density functional theory (DFT)
levels for the investigation of basis set size effects. Applica-
tions to the geometry optimization ofA-type Ln2O3 (Ln = La-
Pm) show a satisfactory agreement with experimental data
using the lanthanide valence basis sets (6s6p5d)/[4s4p4d]
and the standard set 6-311G* for oxygen. The correspond-
ing augmented sets (8s7p6d)/[6s5p5d] with additional dif-
fuse functions for describing neutral lanthanide atoms were
applied to calculate atomic energies of free lanthanide atoms
for the evaluation of cohesive energies for A-Ln2O3 within
both conventional Kohn-Sham DFT and the a posteriori-HF
correlation DFT schemes.

Keywords Valence basis set · Pseudopotential · Ab initio
calculation · Crystal orbital · Lanthanide
sesquioxide · Cohesive energy

1 Introduction

The quantum chemistry of systems containing lanthanide ele-
ments has received much attention in the past two decades
[1–4]. At present theoretical chemistry investigations on sys-
tems containing f elements are still a considerable challenge
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[4–7]. The extremely complex electronic structure of the
f-elements (e.g., for lanthanides usually 4f as well as 5d
and 6s may be partially occupied in the ground state or
rather low-lying excited states), large relativistic effects and
strong electron correlations pose considerable difficulties to
theoretical work. Traditional wave function-based ab initio
approaches accounting for relativity at the all-electron Di-
rac–Coulomb–Breit level and including electron correlation
effects by means of coupled-cluster (CC) or configuration
interaction (CI) methods need h- or even i-functions in the
one-particle basis sets to yield accurate results [8]. Such
highly correlated state-of-the-art all-electron studies are cur-
rently feasible only for atoms by exploiting their spherical
symmetry and to our knowledge, the method is not appli-
cable to all lanthanide elements, i.e., only calculations for
closed-shell systems, one or two electrons outside a closed
shell or one or two holes inside a closed shell, are feasible. In
order to be able to treat all lanthanide atoms and, more impor-
tantly, to be able to deal also with molecules or periodic solid
materials, compromises have to be made with respect to the
treatment of relativity and electron correlation.

Among the most successful approaches of relativistic ab
initio quantum chemistry applicable to these systems is the
effective core potential (ECP) method [9]. In this approach
the explicit quantum chemical treatment is restricted to the
valence electrons and relativistic effects are usually only
implicitly accounted for by a proper adjustment of free param-
eters in the valence model Hamiltonian. Effective core poten-
tials fall in two categories, i.e., model potentials, which pre-
serve the original nodal structure of the all-electron valence
orbitals, as well as pseudopotentials, which work after a for-
mal transformation with pseudo-valence orbitals with sim-
plified nodal structure. For both types consistent sets of ECP
parameters have been published for lanthanide elements, e.g.,
model potentials [10,11] as well as energy-consistent [12,
13] and shape-consistent [14,15] pseudopotentials. Dolg and
coworkers developed and thoroughly tested energy-consis-
tent pseudopotentials for lanthanum through lutetium [12,
13,16,17], which yielded accurate results in molecular
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applications. Recently, corresponding atomic natural orbital
(ANO) Gaussian valence basis sets [18] and segmentedly
contracted valence basis sets [19] were derived for the small-
core potentials of the entire lanthanide series.

Thanks to recent achievements in describing and predict-
ing properties of bulk materials, electronic structure calcula-
tions have become increasingly important in both condensed
matter physics and chemistry motivated by designing and
preparing materials with controlled properties. The avail-
ability of sophisticated codes and powerful computers has
made it entirely possible to undertake ab initio computer
experiments [20]. These first-principle calculations were per-
formed usually based on plane-wave basis sets in conjunction
with pseudopotential and density functional theory (DFT)
techniques in solid state physics. Nowadays, some attention
for solid calculations is directed to the crystal orbital (CO)
method since the general implementation of Hartree–Fock
(HF) LCAO in the program CRYSTAL for the treatment of
periodic systems was published more than two decades ago
[21–24]. At present no applications of the code to lantha-
nide or actinide systems have been reported (cited from the
website: http://www.crystal.unito.it/Basis Sets/ptable.html),
except for a single study on GdN [25]. For those lantha-
nide-containing crystalline solids, the ECP method has to be
applied mainly in order to eliminate the open 4f shell and
the many problems related to it. However, the valence ba-
sis sets generated for energy-consistent pseudopotentials of
lanthanides for molecular applications cannot be transferred
directly to periodic compounds without modifications. The
reason is that, frequently, atomic basis sets with diffuse func-
tions give rise to a large overlap between Bloch functions
which linearly construct crystal orbitals, and thus not only
lead to the wasting of computational resources but also might
cause the quasi-linear dependence problems due to numeri-
cal limitations [26]. The derivation of systematic lanthanide
pseudopotential basis sets for solid state calculations is there-
fore timely.

In this contribution, HF energy-optimized Gaussian
valence basis sets for trivalent lanthanum through lutetium
ions were derived and adapted for crystal orbital calcula-
tions using Stuttgart–Koeln energy-consistent pseudopoten-
tials. In order to eliminate a large part of the difficulties in
terms of the partially occupied lanthanide 4f shell, we adopt a
4f-in-core pseudopotential approach [12,27]. The quality of
these basis sets were verified by performing calculations for
A-type crystalline lanthanide sesquioxides Ln2O3(Ln = La–
Pm) and comparing the calculated geometries and cohesive
energies with experimental results. The calibration investi-
gations for A-Ln2O3 were achieved within both HF and DFT
schemes using the code CRYSTAL2003 [26]. We selected the
light lanthanides as test cases since molecular calculations
revealed that for them the errors of the pseudopotentials are
larger than for the heavier lanthanides [3]. To the best of our
knowledge, no previous systematic work has been found for
the customization of lanthanide valence basis sets adapted
for crystal orbitals.

Our paper is organized as follows: in Sect. 2, we outline
the applied ab initio pseudopotentials and the computational
procedure for both HF and DFT. In Sect. 3, we present our re-
sults and compare them with the available experimental data
to display what accuracy the present HF and DFT approaches
can actually achieve. Finally, in Sect. 4, we briefly give our
conclusions.

2 Method

We use energy-consistent scalar-relativistic ab initio pseud-
opotentials to reduce the computational effort and to incor-
porate the most important relativistic effects. The method
of relativistic energy-consistent ab initio ECPs is described
in detail elsewhere [12,13] and will be outlined here only
briefly. The valence-only model Hamiltonian for an atom or
ion with n valence electrons is given as

Hv = −1

2

n∑

i

�i +
n∑

i<j

1

rij
+ Vav.

Here i and j are electron indices. Vav denotes a spin-orbit
averaged relativistic ECP in a semilocal form for a core with
charge Q

Vav = −
n∑

i

Q

ri
+

n∑

i

∑

lk

Alk exp(−alkr
2
i )Pl.

Pl is the projection operator onto the Hilbert subspace of
angular momentum l. The free parameters Alk and alk are
adjusted to reproduce the total valence energies of a multi-
tude of low-lying electronic states of the neutral atom and
its ions [13]. Most of the lanthanide ions have a trivalent
ground state in the condensed phase, i.e., the electronic con-
figuration [4d10 4f n−1]5s2 5p6 (n=1–15 from lanthanum to
lutetium; the core is denoted in brackets). Although the 4f-
orbitals form an open shell, they are shielded by the more
extended and fully occupied 5s and 5p shells from the envi-
ronment and therefore seem to have a core-like character.
Thus mainly the 5d- and 6s-valence orbitals are responsi-
ble for the observed chemical behavior of lanthanides [12].
Therefore, the 4f-in-core ECPs for lanthanides were chosen
according to the formal oxidation degree of the lanthanide
(III) center. Thus, 11 valence electron ECPs were used, i.e.,
the 1s-4f shells were included in the ECP core, while all oth-
ers with a main quantum number larger than 4 were treated
explicitly (5s5p5d6s . . . shells). The reference data used to
determine Vav have been taken from relativistic all-electron
(AE) calculations using the so-called Wood-Boring (WB)
scalar-relativistic Hartree–Fock (HF) approach. BothAE WB
and ECP calculations have been performed with an atomic
finite-difference HF scheme in order to avoid basis set effects
in the determination of the ECP parameters.

The routine to generate the Gaussian valence basis sets
for lanthanides is described in the following. In order to
compare the basis set effects, we have derived three differ-
ent sets of primitive Gaussian functions (4s4p3d), (5s5p4d)
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and (6s6p4d). In order to avoid linear-dependency numer-
ical problems in solid state calculations which are usually
caused by too diffuse functions, we simply fixed the most
diffuse exponent of each s, p and d set to the value 0.15 in
all cases and reoptimized the remaining exponents. Accord-
ing to our experience this choice allows a quite accurate
description of the orbital of trivalent lanthanide ions and at
the same time does not lead to convergence problems. Lower
values should be avoided due to the densely packed nature
of many crystalline structures which results in an unpleas-
ant large overlap between basis functions. Firstly, the unpo-
larized Gaussian primitive (4s4p3d) sets of exponents were
energy-optimized using the atomic HF program ATMSCF
[28] for the energetically lowest LS states of doubly-charged
lanthanide cations with the configuration [4f n−1]5s25p65d1

(the reason that these cations rather than neutral atoms were
selected for basis sets customization will be rationalized in
the coming Sect. 3). Secondly, s, p and d functions were
then added to the (4s4p3d) primitives, yielding (5s5p4d) and
(6s6p5d) uncontracted basis sets. The quality of the basis sets
was verified by a comparison with numerical finite difference
HF calculations for the Ln2+ ions carried out with the pro-
gram MCHF [29] (representing the HF basis set limit).

The crystalline calibration calculations of A-type lan-
thanide oxides were carried out with the CRYSTAL2003
program package [21–24,26], using basis sets and meth-
ods as indicated in the following. A variety of treatments
of exchange and correlation were used: Hartree–Fock theory
(HF), where exchange is computed exactly but correlation
is neglected, and density functional theory (DFT) within the
Kohn–Sham (KS) formalism using the generalized gradient
approximation (GGA). Within the DFT scheme, the geome-
try optimization was performed using the hybrid functional
B3LYP [30] and B3PW [30–34]. It has become a routine
approach to use pseudopotentials in connection with DFT
in recent years, and the results are often quite accurate [35,
36], although most pseudopotentials and the corresponding
basis sets have not been designed for such calculations. The
different segmented contraction schemes yield the (4s4p3d)/
[2s2p2d], (4s4p3d)/[3s3p2d], (5s5p4d)/[2s2p2d], (5s5p4d)/
[3s3p3d], (5s5p4d)/ [4s4p3d], (6s6p5d)/[2s2p2d],(6s6p5d)/
[3s3p3d] and (6s6p5d)/[4s4p4d] valence basis sets, which
were applied in the calculation of A-Pm2O3 to investigate the
effect of the basis set quality on the final optimized geome-
try. Uncontracted primitive basis sets (4s4p3d), (5s5p4d) and
(6s6p4d) were also tested for the sake of comparison with
these contracted basis sets in the case of A-Pm2O3. Only the
largest basis set (6s6p5d)/[4s4p4d] was chosen to calculate
other A-Ln2O3 systems based on the work of Pm2O3. Due
to the present unavailability of f and g functions in the code
CRYSTAL2003,1 no effort was put to generate polarization
basis functions with the angular quantum number larger than

1 Although the shell types implemented in CRYSTAL2003 reach the
maximum angular quantum number of 3, our test calculation suggests
that the program failed to treat f functions at both HF and DFT level due
to the basis set linear dependence even for sufficiently large exponents
of f functions.

two. Sets of one and two f functions possibly also suitable
for solid state calculations can be found in a previous pub-
lication [12]. For the oxygen atoms, the standard 6-311G*
Gaussian function basis set was used without any modifica-
tion for the all-electron calculation (cited from the EMSL
Gaussian Basis Set Order Form: http://www.emsl.pnl.gov/
forms/basisform.html).

The following tolerances were employed in the evalu-
ation of the infinite Coulomb and Hartree–Fock exchange
series: 10−6 for the Coulomb overlap, HF exchange overlap,
Coulomb penetration and the first exchange pseudo-overlap;
10−12 for the second exchange pseudo-overlap at DFT level
and 10−25 at HF level respectively in order to ensure con-
vergence. This is sufficient to converge structures since tests
at tighter tolerances for both DFT (10−7, 10−7, 10−7, 10−7,
10−25) and HF (10−7, 10−7, 10−7, 10−7, 10−30) show that
the maximum difference of optimized lattice constant is less
than 0.005Å with much more computational time. The Fock
matrix has been diagonalized at 116 k-points within the irre-
ducible Brillouin zone corresponding to a shrinking factor of
10 in the Monkhorst net [37]. The energy differences with
respect to calculations performed with a denser net of k-
points (288 k-points corresponding to a shrinking factor of
14) are smaller than 0.02 kJ/cell and 0.01 kJ/cell at the DFT
and HF level, respectively. In order to improve the conver-
gence, a negative energy shift of 1.0 hartree to the diago-
nal Fock/KS matrix elements of occupied orbitals was added
and maintained after diagonalization thus reducing their cou-
pling to the unoccupied set. A very accurate extra-large grid
consisting of 75 radial points and 974 angular points was
employed in the DFT calculations, where Becke grid point
weights [30] were chosen.

The conjugated gradient (Polak–Ribiere) minimization
was applied using a separate ksh-script LoptCG [38] in the
full structural optimization with symmetry constraints, and
all the calculations were performed with the same set of
indexed bielectronic integrals selected from the reference
geometry [26] in order to reduce the numerical noise. The
total energy tolerance between two subsequent optimization
iterations is set to be 10−8 hartree so that the convergence
is forced to be achieved by norm criteria instead of energy
change for reasons of accuracy.

For the evaluation of cohesive energies from atomic ener-
gies, the valence basis sets (6s6p5d) were augmented by add-
ing 2s, 1p and 1 d low-exponent Gaussian functions to yield
(8s7p6d) primitive sets. The added exponents were optimized
using the atomic program ATMSCF [28] for the isolated
neutral lanthanide atoms in the [4f n−1]5s25p6 5d16s2 con-
figuration. These additional functions are needed in order
to provide an adequate description of the tails of the iso-
lated atom charge density, especially the diffuse doubly occu-
pied 6s shell [39]. The atomic energy of the oxygen atom
was obtained by applying the standard 6-311+G* Gauss-
ian functions with one additional low-exponent function for
sp shells. Both KS DFT and the so-called a posteriori-HF
correlation DFT method implemented in the code CRYS-
TAL2003 were applied to calculate the cohesive energy of
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lanthanide sesquioxides. The atomic calculations of Ln and
O for the evaluation of the cohesive energy within DFT were
performed using the program MOLPRO [40], where only the
hybrid functional B3LYP was applied for correlation and ex-
change corrections with Becke grid point weights [30] since
the functional B3PW is not available in the present version of
this code. In the a posteriori-HF correlation scheme, HF cal-
culations were performed for the isolated Ln and O atoms as
well as A-Ln2O3. The subsequent electron correlation cor-
rection was obtained as the integral over the unit cell of a
function depending on the crystalline Hartree–Fock charge
density. The total energy with this a posteriori-HF correla-
tion correction is simply expressed by the summation of the
HF energy and the corresponding correlation energy which
was evaluated for Wigner–Levy [41], PW-LSD [31–33], P86
[42] and PW-GGA [31–34] correlation-only functionals in
conjunction with exact Hartree–Fock exchange.

The experimental cohesive energy of Ln2O3 was obtained
here from available thermochemical data, i.e., the standard
enthalpy of formation for A-Ln2O3, gaseous neutral lantha-
nide atom and gaseous oxygen atom, according to the fol-
lowing reactions:

Ln2O3(s) ↔ 2Ln(g) + 3O(g) �E = �E
exp
cohesive(G.S.), (1)

where G.S. is the acronym of ground state, i.e., [4f n−1]5s2

5p6 5d1 6s2 for La (n = 1) and Ce (n = 2) as well as [4f n]5s2

5p6 6s2 for Pr (n = 3), Nd (n = 4) and Pm (n = 5). The
above reaction can be equivalently split into three steps:

Ln2O3(s) ↔ 2Ln(s) + 3
2 O2(g)

�E1 = −�Ho
f (A − Ln2O3; 298 K), (2)

3

2
O2(g) ↔ 3O(g) �E2 = 3�Ho

f (O; 298 K), (3)

2Ln(s) ↔ 2Ln(g) �E3 = 2�Ho
f (Ln; 298 K). (4)

Therefore, the experimental cohesive energy is represented
as the following expression:

�E
exp
cohesive(G.S.) = 3�Ho

f (O; 298 K)+ 2�Ho
f (Ln; 298 K)

−�Ho
f (A − Ln2O3; 298 K) (5)

The originally calculated cohesive energy �Ecal
cohesive(5s25p6

5d16s2) of Ln2O3 was derived by subtracting the summa-
tion of the corresponding energies of the isolated composing
atoms from the energy of the bulk lanthanide oxide. However,
since the configuration [4f n−1]5s25p65d16s2 was applied in
all cases of our theoretical calculations, an energy correction
�E

exp
atom of the state separation between [4f n−1]5s25p65d16s2

and [4f n]5s2 5p6 6s2 must be supplemented to�Ecal
cohesive(5s2

5p65d16s2) for systems containing Pr, Nd and Pm accord-
ing to Eq. (6) in order to obtain the real cohesive energy of
bulk Pr2O3, Nd2O3 and Pm2O3calculated with respect to the
experimentally observed atomic ground states:

�Ecal
cohesive(G.S.) = �Ecal

cohesive(5s25p65d16s2)+ 2�Eexp
atom,

(6)

where the experimental energy correction�Eexp
atom is −0.0404

a.u./atom for Pr and −0.0617 a.u./atom for Nd respectively
[12].

Although the experimental values were measured at 298 K
while the calculated ones correspond to 0 K, we omit the ther-
mal conversion for the calculated cohesive energies from 0 K
to 298 K. A further approximation of the present calculation
is the complete neglect of the zero-point energy contribution
to the cohesive energy.

The A-type hexagonal structure of lanthanide sesquiox-
ides has been found from La2O3 to Pm2O3 [43,44] with the
space group P32/m with one formula per unit cell. The metal
atoms are in a sevenfold coordination with four oxygens be-
ing closer than the other three. The four oxygens are bonded
to five and the other three to four metal atoms [45].

3 Results and discussion

3.1 Valence basis sets derived from atomic calculations

In this part, let us first state the reason that we prefer ionic
[4f n−1]5s25p65d1 configurations for doubly charged lantha-
nide cations of La through Lu rather than the neutral atoms
to newly generate crystal orbital-adapted valence basis sets.
In the 11-electron semicore 5s25p65d16s2 of neutral lantha-
nides, the two electrons of 6s shell and one electron of 5d shell
are the main sources of chemical properties in condensed
matter. However, a substantial deviation from a purely ionic
bonding Ln3+

2 O2−
3 between lanthanide and the surrounding

atoms (e.g. oxygen in Ln2O3) was confirmed by a Mulliken
population analysis (see Table 1) following bulk SCF cal-
culations of A-Ln2O3. One can note from Table 1 that the
Ln-5d population is around 1.0 within the DFT scheme and
0.6 within the HF scheme, and the total atomic charge is about
2.0 instead of the formal oxidation state of 3. In other words,
only the two electrons from the diffuse Ln-6s shell are trans-
ferred to the oxygen neighbors, whereas the one electron in
the more compact Ln-5d shell turns to stay in the lanthanide,
thus leading to an occupation close to the one used in our
optimizations.

The errors in the total valence energies for La through
Lu, which were evaluated by comparing algebraic HF calcu-
lations on the doubly charged cations to corresponding finite
difference results, are shown in Fig. 1. Increasing the size of
primitive sets from (4s4p3d) to (6s6p5d) by adding additional
s, p and d functions, the maximum error stays below 0.9, 0.09
and 0.05 eV for (4s4p3d), (5s5p4d) and (6s6p5d), respec-
tively. This indicates that only the two larger primitive sets
accurately describe the valence orbitals of trivalent lantha-
nide ions. In addition, the variations of the errors for (6s6p5d)
and to a lesser extent also (5s5p4d) along the lanthanide series
are much more regular and smooth than for (4s4p3d), so that
more reliable comparisons between bulk systems contain-
ing different lanthanides are possible. From an analysis of
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Table 1 Mulliken shell populations and atomic charges (Q) on Ln (Ln=La–Pm) in A-Ln2Oa
3

s p d Q

HF B3LYP B3PW HF B3LYP B3PW HF B3LYP B3PW HF B3LYP B3PW

La 2.098 2.136 2.135 6.105 6.129 6.122 0.641 0.984 1.011 2.156 1.751 1.732
Ce 2.098 2.140 2.138 6.102 6.128 6.123 0.644 0.977 1.004 2.157 1.755 1.736
Pr 2.101 2.144 2.142 6.100 6.129 6.123 0.636 0.970 0.996 2.164 1.758 1.739
Nd 2.103 2.146 2.143 6.101 6.130 6.126 0.629 0.962 0.989 2.169 1.762 1.742
Pm 2.104 2.149 2.147 6.101 6.131 6.129 0.619 0.951 0.976 2.176 1.768 1.749
aA 5s25p65d16s2 (ground state/excited state) valence subconfiguration is considered for the lanthanide elements; 0, 1, 2, 3 and 4 electrons in the 4f
shell are attributed to the PP core for La, Ce, Pr, Nd and Pm, respectively. The (6s6p5d)/[4s4p4d] valence basis sets were applied for La through
Pm elements. For oxygen atoms, the standard 6-311G* all-electron basis set was applied

Fig. 1 The total energy difference between the primitive basis set resulta

and the HF limitb along the lanthanide series for doubly charged cations
with a [4f n−1]5s25p65d1 valence configuration aRestricted SCF calcu-
lations using the program ATMSCF [29]. bNumerical finite difference
calculations using the program MCHF [30]

the exponents and coefficients of the (4s4p3d) sets we con-
clude that 3d-functions are not sufficient to describe the 5d
pseudo-orbital accurately. The peak in Fig. 1 is related to two
different sets of solutions which yield the lowest energy in the
beginning and end of the series, respectively. In the case of
the sets (6s6p5d), the errors vary only very slightly across the
lanthanide series and exhibit a local minimum for Tb. How-
ever, the opposite and much stronger variation is observed for
the basis sets (4s4p3d) where a pronounced local maximum
occurs at Sm. This opposite variation in the total energy for
(4s4p3d) is in line with that in the 5d orbital energy (not illus-
trated here), which indicates that an additional d function is
necessary to provide an adequate description of the 5d orbital.

The evaluation of cohesive energies needs valence basis
sets with diffuse functions which describe the tails of the
charge density on the isolated atoms, e.g., especially the dif-
fuse doubly occupied 6s shell. The errors in the total energy
for neutral La through Lu, as illustrated in Fig. 2, were ob-
tained in the same way as for the case of doubly charged
cations without diffuse functions. As one can see from Fig. 2,
the basis sets (8s7p5d) with two additional s and one addi-

Fig. 2 The total energy difference between the augmented primitive
basis set resulta and the HF limitb along the lanthanide series for neu-
tral atoms with the [4f n−1]5s25p65d1 6s2 valence configuration acf.
footnote a in Fig. 1. bcf. footnote b in Fig. 1

tional p functions lead to similar errors compared with the ba-
sis sets (8s6p5d). Although the diffuse p function has almost
no effect for the atomic HF energy, it is indispensable for the
description of the 6s2 → 6p2 near-degeneracy. An additional
diffuse d function dramatically reduces the errors to less than
0.03 eV nearly by a factor of ten. Furthermore, the variation
of errors for (8s7p6d) is much more regular.

When augmenting the contracted (6s6p5d)/[4s4p4d] and
(6s6p5d)/[3s3p3d] sets by 2s1p1d diffuse sets, a lower va-
lence energy and a more regular variation of the error in the
total valence energies of the [4f n−1]5s25p65d16s22 D valence
state is obtained than with the original (7s6p5d)/[5s4p3d]
valence basis sets [12], cf. Fig. 3. A similar behavior is ob-
served for the (5s5p4d)/[4s4p3d] and (5s5p4d)/[3s3p3d] sets,
although the errors are slightly larger. The corresponding
(8s7p6d)/[6s5p5d], (8s7p6d)/[5s4p4d] and (7s6p5d)/[6s5p
4d], (7s6p5d)/[5s4p4d] sets are most likely also suitable for
molecular calculations and supplement the original (7s6p5d)/
[5s4p3d] sets. We do not offer diffuse sets for the basis sets
based on the (4s4p3d) primitive sets, due to the too large er-
rors observed in the doubly charged cations valence energies
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Fig. 3 The total energy difference between the results of contracted
basis sets with the augmentation sets 2s1p1d a and the HF limitb along
the lanthanide series for neutral atoms with the [4f n−1]5s25p65d16s2

valence configuration acf. footnote a in Fig. 1. bcf. footnote b in Fig. 1

(cf. above), which also affect the total energies of the neu-
tral atoms at a similar magnitude despite the added diffuse
functions. Moreover, due to the poor performance for crystal
geometry data (cf. below) we do not offer diffuse sets for the
[2s2p2d] contractions in case of all primitive sets.

3.2 Calibration calculations of crystalline A-Ln2O3

3.2.1 Geometry

3.2.1.1 HF scheme The crystalline calibration calculations
for A-type lanthanide sesquioxides Ln2O3 were performed
using the newly generated valence basis sets at both HF and
DFT level in order to verify the transferability of the basis sets
from atoms to bulk materials. First, we applied these basis sets
at the HF level combined with different contractions to the
arbitrarily selected Pm2O3, since the other lanthanide ses-
quioxides are isostructural. The optimized geometry within
the HF framework is listed in Table 2. The deviations of lat-
tice constants and bond lengths from the experimental results
are, for the largest uncontracted set (6s6p5d), 0.067Å for a,
0.200Å for c, 0.074Å for Pm1–O1 and −0.014Å for Pm2–
O1. Quite similar results were obtained for the smaller un-
contracted sets (5s5p4d) and (4s4p3d). This implies that the
lattice constants and the bond length Pm1–O1 are substan-
tially overestimated but the bond length Pm2–O1 is slightly
underestimated. These relatively large discrepancies between
calculated and experimental values are not surprising and are
partially due to the lack of electron correlation within the HF
treatment. For coordinatively saturated molecular close-shell
systems including transition metals, the corresponding devi-
ations were found to even exceed ±0.1Å for bond distances
involving the metal centers [46].

All derived contracted sets, except the [2s2p2d] sets, yield
results in good agreement with those of the underlying
uncontracted sets. We note here in passing that the seem-
ingly good performance of the [2s2p2d] contraction (e.g. for
the lattice constant c) is mostly due to an error cancellation,
i.e., basis set incompleteness and neglect of core polariza-
tion effects, cf. below. For each case of primitive basis set
in Table 2, i.e., (4s4p3d), (5s5p4d) or (6s6p5d) individually,
the tightest contraction [2s2p2d] leads to the largest devia-
tion with the differences of 0.043, 0.056 and 0.055Å, respec-
tively, at its maximum among the lattice constants and bond
lengths, compared to the results obtained for uncontracted ba-
sis sets. But when loosening the contraction from [2s2p2d] to
[3s3p2d] (or [3s3p3d] for (5s5p4d) and (6s6p5d)) as well as
to [4s4p3d] (or [4s4p4d] for (6s6p5d)), the geometry is con-
verged within much smaller maximum-differences of only
0.005, 0.008 and 0.007Å. Therefore, it is clear that although
the contraction [2s2p2d] requires less CPU time in calcu-
lating condensed matters, this advantage is overthrown by
the poor performance in predicting the geometries due to its
lower flexibility to properly describe the change of electron
density from an isolated ion to the ion in bulk materials.

On the other hand, very similar geometrical parameters
are observed for the same basis set contraction among differ-
ent primitive sizes. For example, for the tightest contrac-
tion [2s2p2d], the lattice constants a, c and the bond lengths
Pm1–O1, Pm2–O1 are respectively 3.851, 6.101, 2.412 and
2.312Å at its average with the maximum differences of 0.002,
0.008, 0.005, and 0.001Å for all primitive sets, i.e., (4s4p3d),
(5s5p4d) and (6s6p5d). This is originally caused by the nature
of the crystal orbital ψi(r; k) in periodic systems, which is
the linear combination of Bloch functions φµ(r; k) other than
contracted Gaussian functions (Eq. 7). Each Bloch function
is defined as the summation of the same type of atomic orbi-
tals (AO, ϕµ(r −Aµ − g)) translated over the infinite lattice
with each AO multiplied by a plane-wave term (Eq. 8), which
are expressed as linear combinations of a certain number of
our generated primitive Gaussian functions (Eq. 9). There-
fore, the real basis sets are ultimately Bloch functions due to
the reason that the combination coefficients aµ,i are actually
involved in the variational procedure and contribute to the cal-
culations of density matrix elements. Since the contraction
scheme is maintained, the variational freedom stays constant,
and Bloch functions are not so sensitive to the increasing size
of primitive Gaussian functions from (4s4p3d) to (6s6p5d)
due to the plane-wave term eik·g , although more primitives
provide a better description of atomic orbitals.

ψi(r; k) =
∑

µ

aµ,i(k)φµ(r; k) (7)

φµ(r; k) =
∑

g

ϕµ(r − Aµ − g)eik·g (8)

ϕµ(r − Aµ − g) =
nG∑

j

djG(αj ; r − Aµ − g). (9)

As pointed out in Sect. 2., the primitives (6s6p5d) result in
a more regular and smooth variation of the calculated energy
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Table 2 Lattice constants a (Å), c (Å), bond lengths Pm1–O1 (Å), Pm2–O1 (Å), bond angles Pm1–O1–Pm2 (◦) and O1–Pm2–O1 (◦) for Pm2O3
from HF pseudopotential calculations using valence basis sets (4s4p3d) (a), (5p5s4d) (b) and (6s6p5d) (c) with different contraction schemesa

(4s4p3d) [2s2p2d] [3s3p2d] Uncontracted

a 3.852 3.869 3.867
c 6.098 6.148 6.141
Pm1–O1 2.409 2.425 2.424
Pm2–O1 2.313 2.325 2.323
Pm1–O1–Pm2 105.96 106.03 106.05
O1–Pm2–O2 74.04 73.97 73.95
(5s5p4d) [2s2p2d] [3s3p2d] [4s4p3d] Uncontracted
a 3.850 3.871 3.870 3.868
c 6.106 6.157 6.154 6.162
Pm1–O1 2.414 2.427 2.430 2.433
Pm2–O1 2.312 2.325 2.324 2.323
Pm1–O1–Pm2 105.97 106.02 105.97 106.01
O1–Pm2–O2 74.03 73.98 74.03 73.99
(6s6p5d) [2s2p2d] [3s3p3d] [4s4p4d] Uncontracted
a 3.851 3.876 3.870 3.869
c 6.099 6.150 6.152 6.154
Pm1–O1 2.413 2.425 2.428 2.426
Pm2–O1 2.312 2.328 2.324 2.324
Pm1–O1–Pm2 105.95 105.93 105.95 105.96
O1–Pm2–O2 74.05 74.07 74.05 74.04
aThe experimental values are 3.802Å (a), 5.954Å (c), 2.352Å (Pm1–O1), 2.338Å (Pm2–O1), 110.11◦ (Pm1–O1–Pm2) and 69.89◦ (O1–Pm2–O2)
[54]

Table 3 Lattice constants a (Å), c (Å), bond lengths Ln1–O1 (Å), Ln2–O1 (Å), bond angles Ln1–O1–Ln2 (◦) and O1–Ln2–O1 (◦) for
Ln2O3(Ln = La–Pm) from HF pseudopotential calculations using valence basis sets (6s6p5d)/[4s4p4d]

(6s6p5d)/[4s4p4d] La2O3 Ce2O3 Pr2O3 Nd2O3 Pm2O3

a
Cal. 3.993 3.960 3.928 3.897 3.870
PAWa 3.936 3.941 3.895 3.859 3.819
Expb 3.934 3.891 3.859 3.827 3.802

c
Cal. 6.313 6.264 6.226 6.189 6.152
PAWa 6.166 6.182 6.126 6.072 6.023
Expb 6.136 6.059 6.013 5.991 5.954

Ln1–O1
Cal. 2.486 2.472 2.456 2.442 2.428
PAWa 2.457 2.452 2.428 2.406 2.387
Expb 2.457 2.434 2.461 2.391 2.352

Ln2–O1
Cal. 2.399 2.378 2.359 2.340 2.324
PAWa 2.368 2.370 2.342 2.320 2.296
Expb 2.365 2.339 2.305 2.300 2.338

Ln1–O1–Ln2
Cal. 106.10 105.99 105.98 105.98 105.95
PAWa 106.29 106.24 106.24 106.18 106.16
Expb 106.20 106.17 104.84 106.08 110.11

O1–Ln2–O2
Cal. 73.90 74.01 74.02 74.02 74.05
PAWa 73.71 73.76 73.76 73.82 73.84
Expb 73.80 73.83 75.16 73.92 74.04

aThe geometry was optimized by Hirosaki et al. [48] performing ab initio calculations based on DFT with the PW91 functional using the projector
augmented-wave pseudopotential method (PAW), where the localized 4f shell was treated as a core-like shell
bThe experimental data are cited from the reference [57] (La2O3), [58] (Ce2O3), [59] (Pr2O3), [60] (Nd2O3) and [54] (Pm2O3)

for free doubly charged lanthanide cations along the lantha-
nide series. Therefore we further applied only the valence
basis set (6s6p5d)/[4s4p4d] to the other A-Ln2O3 crystalline
compounds for geometry optimizations. The obtained geo-
metrical parameters and the available experimental results
are listed and compared in Table 3. We note that the bond

angles agree very well with both the plane-wave pseudo-
potential calculations and the experimental results, whereas
somewhat larger deviations of lattice constants and bond
lengths are found.
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Table 4 Lattice constants a (Å), c (Å), bond lengths Pm1–O1 (Å), Pm2–O1 (Å) and bond angles Pm1–O1–Pm2 (◦), O1–Pm2–O1 (◦) for Pm2O3
from DFT pseudopotential calculations using valence basis sets (4s4p3d) (a), (5p5s4d) (b) and (6s6p5d) (c) with different contraction schemes

(4s4p3d) [2s2p2d] [3s3p2d] Uncontracted Expa PAWb

a 3.842 3.864 3.864 3.802 3.819
3.822 3.844 3.842

c 6.067 6.136 6.128 5.954 6.023
5.984 6.052 6.050

Pm1–O1 2.397 2.418 2.417 2.352 2.387
2.375 2.394 2.395

Pm2–O1 2.309 2.324 2.323 2.338 2.296
2.297 2.311 2.310

Pm1–O1–Pm2 106.15 106.28 106.20 110.11 106.16
106.08 106.19 106.18

O1–Pm2–O2 73.85 73.72 73.80 69.89 73.84
73.92 73.81 73.82

(5s5p4d) [2s2p2d] [3s3p3d] [4s4p3d] Uncontracted Exp.a PAW.b

a 3.839 3.869 3.865 3.864 3.802 3.819
3.820 3.847 3.845 3.844

c 6.076 6.136 6.138 6.141 5.954 6.023
5.987 6.050 6.050 6.049

Pm1–O1 2.399 2.416 2.421 2.423 2.352 2.387
2.376 2.393 2.397 2.397

Pm2–O1 2.308 2.326 2.324 2.323 2.338 2.296
2.296 2.313 2.311 2.310

Pm1–O1–Pm2 106.20 106.22 106.18 106.19 110.11 106.16
106.11 106.16 106.11 106.09

O1–Pm2–O2 73.80 73.78 73.82 73.81 69.89 73.84
73.89 73.84 73.89 73.91

(6s6p5d) [2s2p2d] [3s3p3d] [4s4p4d] Uncontracted Exp.a PAW.b

a 3.841 3.869 3.865 3.866 3.802 3.819
3.822 3.849 3.846 3.844

c 6.066 6.146 6.148 6.134 5.954 6.023
5.986 6.054 6.048 6.057

Pm1–O1 2.397 2.418 2.422 2.418 2.352 2.387
2.374 2.393 2.394 2.396

Pm2–O1 2.309 2.326 2.324 2.324 2.338 2.296
2.297 2.308 2.311 2.310

Pm1–O1–Pm2 106.16 106.20 106.21 106.15 110.11 106.16
106.10 106.16 106.06 106.11

O1–Pm2–O2 73.84 73.80 73.79 73.85 69.89 73.84
73.90 73.84 73.94 73.89

Two calculated geometrical parameters are presented in each box with the first one obtained from B3LYP followed by the second one obtained
from B3PW
aThe experimental data are cited from the Ref. [56]
bcf. footnote a in Table 3

3.2.1.2 DFT scheme Let us now turn to discuss the results
obtained within the framework of DFT. First we tested the
valence basis sets with different contractions only for A-Pm2
O3, where the currently popular hybrid functionals B3LYP
and B3PW were applied as recommended for geometry opti-
mizations by Koch and Holthausen [47]. We compare the
calculated geometries in Table 4 in the same way as for HF
calculations in Table 2. Compared with the experimental re-
sults, the deviations of lattice constants and bond lengths
are, for the largest uncontracted sets (6s6p5d), 0.064Å for a,
0.080Å for c, 0.066Å for Pm1–O1 and −0.014Å for Pm2–
O1 in B3LYP as well as 0.042Å for a, 0.097Å for c, 0.044Å
for Pm1–O1 and −0.028Å for Pm2–O1 in B3PW. Both func-
tionals perform better than the HF method.

Similar to the HF case, the tightest contraction [2s2p2d]
yield results closest to the experimental values, e.g., for

(6s6p5d)/[2s2p2d] the derivations are 0.039Å (a), 0.112Å
(c), 0.045Å (Pm1–O1), and −0.029 (Pm2–O1) for B3LYP
as well as 0.020Å (a), 0.032Å (c), 0.022Å (Pm1–O1), and
−0.041Å (Pm2–O1) for B3PW. However, for each case of
the primitive basis set in Table 4, i.e., (4s4p3d), (5s5p4d)
or (6s6p5d) individually, the tightest contraction [2s2p2d]
leads to the largest deviations with the differences of 0.061Å,
0.065Å and 0.078Å for B3LYP as well as 0.066Å, 0.061Å
and 0.071Å for B3PW at its maximum among the lattice con-
stants and bond lengths, compared with the results from the
uncontracted sets. But when loosening the contraction from
[2s2p2d] to [3s3p2d] ([3s3p3d] for (5s5p4d) and (6s6p5d))
as well as to [4s4p3d] ([4s4p4d] for (6s6p5d)), the geometry
is converged within much smaller maximum differences of
only 0.008Å, 0.007Å and 0.012Å for B3LYP and 0.002Å,
0.004Å and 0.009Å for B3PW. In addition, for example,
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Table 5 Lattice constants a (Å), c (Å), bond lengths Ln1–O1 (Å), Ln2–O1 (Å), bond angles Ln1–O1–Ln2 (◦) and O1–Ln2–O1 (◦) for Ln2O3
(Ln = La–Pm) from DFT pseudopotential calculations using valence basis sets (6s6p5d)/[4s4p4d] and the hybrid functional B3PW

B3PW (6s6p5d)/[4s4p4d] La2O3 Ce2O3 Pr2O3 Nd2O3 Pm2O3

a
Cal. 3.967 3.935 3.902 3.873 3.846
PAWa 3.936 3.941 3.895 3.859 3.819
Expb 3.934 3.891 3.859 3.827 3.802

c
Cal. 6.208 6.156 6.121 6.082 6.048
PAWa 6.166 6.182 6.126 6.072 6.023
Expb 6.136 6.059 6.013 5.991 5.954

Ln1–O1
Cal. 2.457 2.437 2.422 2.408 2.394
PAWa 2.457 2.452 2.428 2.406 2.387
Expb 2.457 2.434 2.461 2.391 2.352

Ln2–O1
Cal. 2.385 2.365 2.345 2.327 2.311
PAWa 2.368 2.370 2.342 2.320 2.296
Expb 2.365 2.339 2.305 2.300 2.338

Ln1–O1–Ln2
Cal. 106.16 106.10 106.11 106.10 106.06
PAWa 106.29 106.24 106.24 106.18 106.16
Expb 106.20 106.17 104.84 106.08 110.11

O1–Ln2–O2
Cal. 73.84 73.90 73.89 73.60 73.94
PAWa 73.71 73.76 73.76 73.82 73.84
Expb 73.80 73.83 75.16 73.92 74.04

acf. footnote a in Table 3
bcf. footnote b in Table 3

for the tightest contraction [2s2p2d] of all primitive sets,
i.e. (4s4p3d), (5s5p4d) and (6s6p5d), the lattice constant a,
c and the bond length Pm1–O1, Pm2–O1 are respectively
3.841Å, 6.070Å and 2.398Å, 2.309Å at its average with the
maximum differences of 0.003Å, 0.01Å and 0.002Å, 0.001Å
for B3LYP as well as 3.821Å, 5.986Å and 2.375Å, 2.297Å at
its average with the maximum differences of 0.002Å, 0.003Å
and 0.002Å, 0.001Å for B3PW. Therefore, similar valence
basis set effects on geometries, as we already pointed out
for HF calculations, were observed at DFT level for both
B3LYP and B3PW functionals: the calculated geometrical
parameters are converged for the [3s3p2d] and other less
contracted basis sets and the increasing size of primitive sets
from (4s4p3d) to (6s6p5d) results in no apparent variation of
final optimized structures. The use of the [2s2p2d] contrac-
tions is not recommended. Besides this, as one can see clearly
in Table 4, the B3PW results agree much better than those
of the B3LYP and HF method with the experimental values
and the plane-wave pseudopotential results. In the subsequent
calculations, only the valence basis set (6s6p5d)/[4s4p4d]
and the hybrid functional B3PW were applied to the other
A-Ln2O3 crystalline compounds.

The calculated geometries for A-Ln2O3 (Ln = La–Pm) at
the DFT level are listed in Table 5. The average deviations
of geometrical parameters for the five compounds compared
with the experimental results are 0.041Å (a), 0.092Å (c),
0.020Å (Ln1–O1), 0.028Å (Ln2–O1) and 1.11◦ (Ln1–O1–
Ln2), which are smaller than the corresponding deviations
at the HF level, i.e., 0.067Å (a), 0.198Å (c), 0.040Å (Ln1–
O1), 0.036Å (Ln2–O1) and 1.14◦ (Ln1-O1-Ln2). The lattice

constants and bond lengths obtained from experiment, the
projector augmented-wave pseudopotential method (PAW)
[48], HF and DFT calculations are respectively plotted in
Fig. 4. The DFT results based on the B3PW functional and
(6s6p5d)/[4s4p3d] basis sets are closer to the results of the
PAW calculations than to the experimental results within
the average deviations of 0.017Å (a), 0.022Å (c), 0.006Å
(Ln1–O1), 0.009Å (Ln2–O1) and 0.10◦ (Ln1–O1–Ln2) for
the five compounds. Furthermore, as illustrated in Fig. 4,
our calculated results show a linear correlation for both lat-
tice constants and bond lengths along the atomic number
at both HF and DFT levels in agreement with experimental
findings and at variance with the irregular variations from
La2O3 over Ce2O3to Pr2O3 in the PAW calculations. This
consistently smooth correlation found in our results favors the
reliable comparison of properties between crystalline com-
pounds containing different lanthanide metals. Finally, it is
easy to conclude that, based on the above analysis of devia-
tions, our valence basis sets in conjunction with DFT/B3PW
provide more accurate characterizations for bond lengths and
angles than for lattice constants.

At this point it is fair to mention that the present CRYS-
TAL calculations do not take into account the full valence
model Hamiltonian for the lanthanides, i.e., the core polar-
ization potential (CPP) is missing due to technical reasons.
Previous work on molecules revealed that including a CPP to
the 4f-in-core ECPs leads to bond length contraction of sev-
eral hundredths of an Å, thus explaining at least partially the
tendency of the current results to overestimate the experimen-
tal values [49]. Another reason for the too long bond lengths
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Fig. 4 a–d The variation of geometrical parameters obtained respectively from experiment [54–58], the projector augmented-wave pseudopotential
(PAW ) method [49], HF and DFT calculations with respect to atomic numbers of lanthanides from La to Pm. The calculated lattice constants a
and c as well as bond lengths Ln1–O1 and Ln2–O1 are linearly fitted by dashed (DFT) and dot (HF) lines in a, b, c and d , respectively

and lattice constants is certainly the omission of f-functions
in the basis sets, as it also has been demonstrated previously
for molecules [16]. We expect that once the inclusion of
f-functions becomes possible, this would improve especially
the results for the systems at the beginning of the lanthanide
series.

3.2.2 Charge distribution

The Mulliken populations are shown in Table 1. Since the
shells with a main quantum number smaller than 5 are taken
as effective core potential of Ln, the valence shell electron
population has a 5s25p65d1 6s2 configuration as reference (11
electrons). It is well known that the compact 4f-shell shields
the nuclear-charge quite efficiently and only small differences
are observed in the populations of the outer valence orbitals

when comparing neighboring lanthanides. The s-population
is about 2.1 no matter what theoretical scheme was applied,
which suggests that the 6s orbital acts as the main electron
donor in these crystalline compounds. There are only slight
differences of the p-population between HF and DFT as well,
which is about 6.1, while the difference of the d-population
is substantial: whereas the valence d-electron is almost com-
pletely retained on the lanthanide at the DFT level (d-pop-
ulation around 1.0), it is partially transferred to oxygen in
the HF case (d-population around 0.6). As a result, HF cal-
culations favor all lanthanide sesquioxides with more ionic
and polar metal centers than the DFT scheme. In all schemes
the total charge Q increases slightly along the series, which
implies that the ionic character of the lanthanide is increased
and covalent bonding becomes less important from La to
Pm. We note that the charge increase mainly stems from the
decrease of the 5d population, which is at least partly due to
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Table 6 Cohesive energy of lanthanide sesquioxides at both HF in combination with the a posteriori-HF correlation correction and DFT levels.
The comparison with experiment is given in % in bracket. The experimental results for the state [4f n−1]5s2 5p6 5d1 6s2 (n =1–5 for La through
Pm respectively) were obtained in the way outlined at the end of Sect. 2. The unavailable experimental data for Pm2O3 has been substituted by
an estimate (cf. text)

(6s6p5d)/[4s4p4d] La2O3 Ce2O3 Pr2O3 Nd2O3 Pm2O3

HF (a.u./cell) 0.9048 0.9114 0.9154 0.9195 0.9250
(69.8%) (70.6%) (73.2%) (75.8%) (75.02%)

a posteriori-HF (a.u./cell)
PW-LSD 1.0616 1.0515 1.0138 0.9951 1.0001

(81.9%) (81.4%) (80.9%) (81.4%) (81.1%)
PW-GGA 1.1462 1.1375 1.1007 1.0820 1.0882

(88.4%) (88.1%) (87.9%) (88.5%) (88.3%)
P86 1.1508 1.1592 1.1142 1.0955 1.1017

(89.1%) (89.4%) (88.9%) (89.6%) (89.4%)
Wigner-Levy 1.2423 1.2336 1.2061 1.1791 1.1815

(95.8%) (95.5%) (96.3%) (96.5%) (95.8%)
DFT/B3LYP (a.u./cell) 1.1779 1.1829 1.1455 1.1265 1.1318

(90.9%) (91.6%) (91.4%) (92.2%) (91.8%)
Experiment [54, 59, 60] (a.u./cell) 1.2960 1.2914 1.2527 1.2224 1.2330

(100%) (100%) (100%) (100%) (100%)

their increasing indirect relativistic destabilization along the
lanthanide series. As mentioned in the previous part, the evi-
dent covalent contribution to the bonding between lanthanide
centers and surrounding oxygens is the main reason that the
valence basis sets were generated for the doubly charged lan-
thanide cations with an occupied 5d orbital rather than for the
triply charged cations.

3.2.3 Cohesive energy

The results for the cohesive energies are listed in Table 6.
Hartree–Fock calculations for free lanthanide atoms show
that in accordance with Hund’s rule the ground state within
a 4f n−1 -subconfiguration of La through Pm corresponds to
the fully polarized atomic configuration with maximum total
spin density, i.e., to 5s25p6 5d16s2 for Ln (Ln = La, Ce, Pr,
Nd and Pm). When the DFT calculations for free lanthanide
atoms are invoked, a slight unphysical orbital mixing hap-
pens between s- and d-orbitals, which leads to the fractional
occupations, i.e., of 5s3.9625p65d1.038 for La, 5s3.9675p65d1.033

for Ce, 5s3.9725p65d1.028 for Pr, 5s3.976 5p6 5d1.024 for Nd and
5s3.980 5p6 5d1.020 for Pm. This unclean configuration is not
technically unexpected partly because the current version of
MOLPRO2002 simply does not support non-Abelian point-
groups and Oh is thus out of reach to prevent such a mixing
and partly because density functional approaches favor states
with more d-electrons since more correlation contributions
are found in d- than s-orbitals due to the more compact nature
[47]. Although it is difficult to estimate the energy loss for
lanthanide atoms resulting from the s- and d-orbital mixing,
the atomic energy deviation between the fractional and inte-
gral occupations is believed to be small since the maximum
deviation from integral occupation numbers is only 0.038
electrons.

We note that at the scalar-relativistic all-electron Wood-
Boring HF level, all lanthanides La-Pm possess a [4f n−1]5s2

5p65d1 6s2 ground state configuration [12]. Experimentally
this is only true for La and Ce, whereas Pr, Nd and Pm have a

[4f n]5s25p66s2 ground state configuration [50]. For the lat-
ter elements, we thus apply the empirical corrections to the
observed ground state as outlined in Ref. [8] for all results
which include correlation effects.

It turns out that the cohesive energy estimated at the HF
level represents about 70% of the experimental one derived
from thermochemical data. To restore the cohesive energy
theoretically to an acceptable level, correlation contributions
are taken into account in two different ways, i.e., the a pos-
teriori-HF scheme and the conventional KS DFT. The a pos-
teriori-HF correction is very effective in reducing the error
in the binding energy to a few per cent according to previous
reports on solid calculations [51–53]. Nevertheless, no pre-
vious work was found reporting the calculation of cohesive
energies for periodic systems containing lanthanide elements
using such a correlation correction. However, similar a poste-
riori-HF correlation corrections were successfully applied to
lanthanide atoms using the 4f-in-core pseudopotentials [12].
As one can see in Table 6, the calculated cohesive energies
account for ≈81–82% (PW-LSD), ≈88–89% (PW-GGA),
≈89–90% (P86) and ≈95–97% (Wigner–Levy) of the exper-
imental values for the four compounds. Once again, the fact
is confirmed in this work that the performance of the lo-
cal spin-density approximation for correlation PW-LSD is
considerably improved by the gradient-corrected functional
PW-GGA and P86 in calculating the cohesive energy. In the
conventional DFT scheme using B3LYP, ≈90–92% of the
experimental values were restored.

Based on these pleasing results, our approach with re-
spect to 4f-in-core pseudopotentials connected with crystal
orbital-adapted valence basis sets for lanthanide elements is
successful in evaluating cohesive energies of bulk materi-
als and promising for further applications in this area. As
one example, we predicted, by means of the method de-
scribed below, the theoretical value of cohesive energy for
the bulk A-type Pm2O3 (see the last column in Table 6). This
calculation is meaningful since the experimental cohesive
energy of Pm2O3 has not been available up to now due to
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Table 7 The calculated cohesive energy of the bulk A-type Pm2O3 at both HF in combination with the a posteriori-HF correlation correction and
DFT levels. The valence basis sets (6s6p5d)/[4s4p4d] was applied for Pm atoms, and the standard set 6-311+G* for oxygen atoms. The physical
meanings of the parameters in this table can be referred in Sect. 2

a.u./cell HF (a.u./cell) a posteriori-HF (a.u./cell) DFT/B3LYP (a.u./cell)

PW-LSD PW-GGA P86 Wigner-Levy

D 70.10% 81.42% 88.23% 89.28% 96.03% 91.52%
�Ecal

cohesive
(5s25p65d16s2)

0.9250 1.0609 1.1482 1.1617 1.2415 1.1918

�Ecal
cohesive(G.S.) 0.8650 1.0001 1.0882 1.1017 1.1815 1.1318

(70.2%) (81.1%) (88.3%) (89.4%) (95.8%) (91.8%)
�E

exp
corr −0.0300

�E
exp
cohesive(G.S.) 1.2330

Fig. 5 The linear correlation between the calculated cohesive energy
for the configuration [4f n−1]5s25p65d16s2 of atomic Pm and the aver-
age deviation D̄ among La2O3 through Nd2O3 in each scheme. The
data is linearly fitted by the equation �Ecal

cohesive(5s25p65d16s2) =
1.23295D̄ + 0.05999, where the slope 1.23295 a.u./cell stands for
the predicted experimental cohesive energy and half of the intercept
0.0300 a.u./atom stands for the energy correction between the state
[4f n−1]5s25p65d16s2 and [4f n]5s2 5p6 6s2 of atomic Pm

the radioactive nature of Pm which decays too fast to be
thermochemically measured for Pm2O3. It is easy to write
the following equations by taking�Ecal

cohesive(5s25p65d16s2),
�Ecal

cohesive (G.S.), �Eexp
cohesive (G.S.), �Eexp

corr and the average
deviation D̄ as parameters. The physical meanings of these
parameters in Eqs. (10) and (11) have been introduced in
Sect. 2.

�Ecal
cohesive(G.S.)=�Ecal

cohesive(5s25p65d16s2)+2�Eexp
corr. (10)

�Ecal
cohesive(G.S.) = �E

exp
cohesive(G.S.) ·D. (11)

According to Eqs. (10) and (11), the correlation is derived in
Eq. (12):

�Ecal
cohesive(5s25p65d16s2) = �E

exp
cohesive(G.S.)

·D − 2�Eexp
corr. (12)

As a result, since �Eexp
cohesive (G.S.) and �Eexp

corr are constants
for Pm2O3 and Pm, respectively, the linear correlation be-
tween �Ecal

cohesive(5s25p65d16s2) and D̄ yields thus as the

slope and half of the intercept of this straight line the exper-
imental cohesive energy for the bulk Pm2O3 and the atomic
energy correction of state separation for neutral atomic Pm,
respectively. The theoretical cohesive energy �Ecal

cohesive (5s2

5p6 5d16s2) of Pm2O3 for the configuration [4f n−1]5s25p6

5d16s2 is calculated in the same way as for La2O3 through
Nd2O3. The deviation D̄ is evaluated by averaging the val-
ues in parentheses of each row in Table 6 from La2O3 to
Nd2O3. The plot of �Ecal

cohesive(5s25p65d16s2) against D̄ is
illustrated in Fig. 5. Therefore, the calculated cohesive en-
ergy of bulk Pm2O3with respect to the ground states is found
to be 1.2330 a.u./cell with the byproduct of an energy sepa-
ration of −0.82 eV/atom for atomic Pm between the configu-
rations [4f n]5s25p66s2 and [4f n−1]5s25p6 5d16s2. In view of
the −0.84 eV/atom energy separation found experimentally
for the neighbor element Nd and the closeness of the corre-
sponding HF and WB all-electron values of Nd and Pm [12],
the latter result seems to be reasonable.

4 Conclusions

Optimized crystal orbital adapted valence basis sets for lan-
thanide 4f-in-core energy-consistent pseudopotentials
describing the configuration [4d10 4f n−1]5s25p65d16s2 of
trivalent lanthanides in periodic systems were presented and
tested in bulk calibration calculations for some selected model
crystalline A-type lanthanide sesquioxides. The mean abso-
lute errors in the HF energy of Ln2+-5s25p65d1 for (4s4p3d),
(5s5p4d) and (6s6p5d) primitives are 0.66, 0.070 and
0.028 eV, respectively. The mean absolute errors are slightly
decreased to 0.023 eV by extending (6s6p5d) to (8s7p6d)
with additional diffuse functions necessary to describe the
neutral atoms. Our calculations using the newly generated
basis sets (6s6p5d)/[4s4p4d] for geometrical parameters of
crystalline Ln2O3 (Ln = La, Ce, Pr, Nd and Pm) overshoot
the experimental ones by less than 1.5% for lattice con-
stants and 1.2% for bond lengths at the DFT/B3PW level,
and achieve the average deviation of about 0.4% for lattice
constants and 0.2% for bond lengths when compared with the
previously reported PAW calculation. The valence basis sets
customized for crystalline calculations restore the calculated
cohesive energy of Ln2O3 (Ln = La-Nd) to more than 88% of
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the experimental data within the a posteriori-HF correlation
scheme in combination with gradient-corrected functionals.
Good agreement has also been found between the conven-
tional DFT results and the experimental cohesive energy with
the deviation of only few per cent. The cohesive energy of
bulk A-type Pm2O3 is also calculated to be 773.72 kcal/mol
to fill the gap in experimental data. In future work we will
generate corresponding crystal orbital adapted basis sets for
the most frequently occurring divalent (e.g. Eu, Yb) and tet-
ravalent (e.g. Ce, Tb) lanthanide elements.
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